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Abstract 

We study the quantization of a linear scalar field, whose symmetries are described by the K-Poincare 
, Hopf-algebra, via deformed Fock space construction. The one-particle sector of the theory exhibits a 

■ natural (planckian) cut-off for the field modes. At the multi-particle level the non-trivial co-algebra 

' structure of K-Poincare leads to a deformed bosonization in the construction of Fock space states. 

, These physical states carry energy- momentum charges which are divergenceless and obey a deformed 

dispersion relation. 



I. INTRODUCTION 

Local quantum fields on Minkowski space-time provide a successful framework for an effective description of particle 
physics up to the energies probed by current experiments. The Planck energy {Ep ^ IQ^^eV) sets the scale at which 
^ ' such description is believed to break down. Indeed at planckian regimes the field quanta would probe the background 

■ space-time at scales for which quantum-gravitational effects become important and new physics described by a general 
theory of quantum gravity would take the stage. 

Quantum field theories on non-commutative spaces are an example of generalizations of ordinary quantum field theory 
^ which find their motivation from certain quantum gravity scenarios and whose new features are expected to emerge 
0\ in the ultraviolet P, 0, i, ij. The view that such theories might enjoy "deformed" relativistic symmetries (rather 

■ than breaking standard Poincare invariance through the emergence of the non-commutativity scale) has become 
' increasingly popular in recent years [1, @ . Such deformed symmetries are generally described by a "quantization" of 

" I I standard relativistic symmetries in terms of quantum groups (non-cocommutative Hopf algebras) 01 ■ In the present 
C work we focus our attention on the K-Poincare Hopf algebra [a Q as one candidate for quantum group description of 

relativistic symmetries at the Planck scale (lOj . The deep connection between K-Poincare and K-Minkowski space-time, 
a "Lie algebra" -type of non-commutative space-time, has been known for quite a while Indeed the K-Poincare 
T\ Hopf algebra can be used to describe the symmetries of such non-commutative space-time [3, [llj . Much of the recent 
^ interest towards these type of deformed symmetries has been motivated by various arguments which suggest that 
' K-Poincare-type of quantum grou p symmetries might emerge in the low-energy limit of three (and possibly four) 
'^Jj I dimensional quantum gravity [l2l Il3l. IT^ with the dimensionful deformation parameter k set by the Planck energy. 
' Moreover earlier interest in the study of scenarios with K-Poincare symmetries arose from the possibility of detecting 
experimental signatures of the deformed kinematics associated with such symmetries [isj . 

Classical field theories with K-type of deformed symmetries have now been studied extensively [Tl]. [l^ [itI. [Tsl [Tol. [20l [2]| 
however much work seems to be needed to reach a satisfactory understanding of their quantum counterparts. One 
of the early proposals for the quantization of a self-interacting scalar field, by one of us and Amelino-Camelia [2^. 
was based on a generalization of the path integral quantization method which in a K-deformed context seemed 
more straightforward than the canonical approach (see section IV below for a review of some recent attempts on 
the quantization of fields with K-Poincare symmetries) . Recent works on the derivation of Noether charges [3, [l^ 
associated with K-deformed symmetries of classical fields have prompted new attention to the problem of canonical 
quantization. 

In the present paper we discuss a new strategy for the quantization of a free field theory with space-time symmetries 
described by the K-Poincare Hopf algebra. We start from the construction of a one-particle Hilbert space, we define 
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an appropriate Fock space, creation and annihilation operators associated to a given basis of modes, and we study the 
properties of energy and momentum charges carried by the quantum states of the theory. The very first step of our 
approach to quantization will be the introduction of a (positive definite) inner product on the space of solutions of the 
deformed equation of motion. To this end we borrow the results of ^IS^ in which such inner product was derived using 
the tools of symplectic geometry of classical fields. Thus the present analysis can be seen as a natural continuation 
of the work started in [isl . 

Below is the plan of the paper. In the following section we review the basic properties of the K-Poincare Hopf algebra 
in the so-called bicrossproduct basis [^] and recall some results from our previous work [isj which will turn out to be 
useful in our construction. In Section III we focus on the quantization of free fields. In the first subsection we start with 
an overview of the usual Hilbert (and Fock) space construction in the presence of standard space-time symmetries. We 
then proceed, in Section III.B, with the definition of a one-particle Hilbert space in the context of deformed symmetries 
described by the K-Poincare Hopf algebra and show how a natural cut-off, set by the deformation parameter k, arises 
in the construction. In the Section III.C we use the one-particle Hilbert space defined in the previous section and 
introduce a "deformed bosonization" in order to build the full Fock space of the theory. Then in the following Section 
III.D we study the energy and momentum charges carried by the states of our deformed theory. In Section IV we 
review and comment on some recent works related to our results. Section V contains closing remarks and some 
suggestions for future studies. 



II. PRELIMINARIES 



A. K-Poincare Hopf algebra 

In the following we will consider K-deformations of relativistic symmetries described by a Hopf algebra in which both 
the co-algebra sector and the product (commutator) of the algebra elements (symmetries generators) are deformed. 
In particular we will focus on the example of the K-Poincare Hopf algebra [8| in the bicrossproduct basis [0] . 
It is well known that the standard Poincare algebra V can be endowed with the structure of a (trivial) Hopf algebra. 
If y = {Pfj,, A/^i/} are the generators of the (trivial) co-product, co-unit and antipode can be defined respectively 
as 

A{Y)^Y(»l + l(g)Y, e(y) = 0, S{Y) = -Y . (1) 

The main feature of the K-Poincare Hopf algebra is that its coproducts are, in general, non-cocommutative, in 
particular in the bicrossproduct basis they read 

A(Po) = Po <S) I + I (E> Po /^{Pj)^Pj®l + e-^''/''®Pj 
A{Mj) = Mji^l + l<^Mj 

A{N/) = Nj(g,l + e-^°/''(g)Nj + ^Pk^Ni. (2) 

One also has deformed commutators for the generators of translations Pq, Pj, rotations Mj and boosts Nj 
[Po, Pj] = [M^,Mk] = iejkiMi [Mj.Nk] = lejkiNi [Nj.Nk] = iejkiMi 
[P^.Ni] - -iPi [PuN,] = -i5i, (f (l - e-^) + ±:P^) + ^PiP, 

[Po , Mfe] = [P, , Mfe] = ie,ki Pi (3) 



where tju is the Lcvi-Civita symbol and j, k, I are spatial indices. 
The non-trivial antipodes consistent with the coproducts above are 

S{Mi) = -Ml 
SiPo) = -Po 



S{Pi) = -e^P 

S{Ni) = -e^Ni + -eijke^PjMk, (4) 



while for the co-units one has 



6(P^) = e{M,) = e{Nk) = 0. (5) 
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The (deformed) mass Casimir of the K-Poincare Hopf algebra hnks the generators of translations and is given by 

C7.= (^2«sinh(^g)y-p2^^. (6) 

As mentioned in the introduction the K-Poincare Hopf algebra describes the symmetries of K-Minkowski non- 
commutative space-time [llj 

[xi,t] = -Xi [xi.Xj] = . (7) 

For further details on K-Poincare in the bicrossproduct basis and its relation with K-Minkowski noncommutative 
space-time we refer to the literature (see e.g. [Ill references therein). 



B. Symplectic geometry of classical K-field theories 

In this section we summarize the key results obtained in where we proposed a description of classical field 
theories with Hopf-algebra of space-time symmetries using the tools of symplectic geometry. The idea behind a 
symplectic geometrical formulation of classical field theories is to provide a canonical formulation of the phase space 
which does not spoil the symmetries of the theory. Such description turns out to be very useful in the deformed field 
theory case as it gives a clear identification of the Noether charges associated with space-time symmetries and more 
importantly, for the purposes of the present work, it provides a natural candidate for an inner product which will lead 
to the definition of the Hilbert space of our quantum fields. 

We start with a classical field theory with standard (Poincare) relativistic symmetries. We will consider a real massless 
scalar field with Lagrangian 



i - / J(5a*9"<f) (8) 



where M is the space-time manifold on which the theory is defined which in the undeformed case is just standard 
Minkowski space-time. The phase space of such theory is the infinite dimensional manifold F whose elements are 
the pairs {<I>,n}, where 11 = |^ is the momentum (density) canonically conjugate to the field The definition 
of n requires singling out a time coordinate t, a choice that obscures the relativistic invariance of the theory. The 
crucial observation [23| is that there is a one-to-one correspondence between the points of the classical phase space 
and the solutions of the Klein-Gordon equation of motion thanks to the uniqueness properties of the initial value 
problem for such equation in Minkowski space. This allows one to identify points in phase space with solutions of the 
classical equation of motion i.e. the phase space F is the space of solutions S. The next step in the formalism is the 
introduction of a symplectic structure through the definition of a non-degenerate two- form w. To do so one needs to 
sgecify the differential structure (functions, tangent {TS) and cotangent {T*S) spaces) on S. For details we refer to 
[18| and references therein. The non-degenerate, symplectic 2-form u! one needs is given by 



^ = ^[^J ddc^rj (9) 
with the "symplectic potential current" J" defined by 

where S^{x) € T^S and S is the exterior derivative. It can be easily shown [23*1 that lu is Poincare invariant and for 
a vector field tangent to the orbit of space-time symmetry Vs £ TS 

uiV,) = ~6iQ,) (11) 

where Qs is the generator of the symmetry. In particular for a choice of E as the standard t — space- like hypersurface 
reduces to the more familiar expression for the symplectic form on the phase space manifold 

= i / SUAS<P (12) 
2 Jst 
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and 

^(Vs) (<5n(14)J$ - . (13) 

5, as a vector space, is isomorphic to the tangent space at any given point T^S and through this correspondence the 
2-forni Lo and the one form uj{Vs) can be used to define, respectively, a bihnear and a hnear functional on S. The 
bilinear will induce a symplectic product on S 

w($i,$2)-^/" (ni$2-$in2) (14) 

J St 

and the linear functional 'jj{Vs) evaluated on a solution $ will give the (conserved) value of the Noether charge 
associated with the symmetry 

^{v^m = i / ((/:(y,)n)$ - ii{c^y,)'^)) = -Qs (15) 

J St 

where the contraction of a 1-form with the Killing vector field Vs is replaced by the Lie derivative-'^ of $ € 5 and its 
canonically conjugate momentum 11. When the Killing vector fields correspond to (external) space-time symmetries, 
y G 7^, we will use the following notation for the action of the Lie algebra element associated with the symmetry on 
functions 



CY<^^Yt>^ (16) 
to stress the fact that S is an oo-dimensional representation of the Poincare algebra. 

On the space of complex solutions of the (massless) Klein-Gordon equation, 5*^, our symplectic structure will define 
an hermitian inner product 

($i,$2) = -2^c^($^ $2) (17) 

where $* denotes the complex conjugate of <i> G S'^ . It will be useful for our purposes to write such product in an 
explicit covariant form as 

where $i(p), $*i(p) are the Fourier transforms of <i>* and C{p) is the relativistic "mass" Casimir which sets the 
Fourier parameters on-shell according to the equation of motion. 

Noether charges associated with space-time translations can be expressed in terms of the action of the symmetry 
generators acting on the fields <& using the conserved symplectic product 

Q^. = \{^^,P^.><^). (19) 



We now turn our attention to the deformed case. In the standard case plane waves on-shell are solutions to the Klein- 
Gordon equation and provide a basis for the standard space of solutions. In the K-Poincare Hopf algebra symmetry 
case plane waves will still be solutions of the deformed Klein-Gordon equation [l^l 

C«(P)$ = 0. (20) 

However wave exponentials labeled by a given value of the spatial momentum will combine according to the coproduct 
structure of the non-trivial co-algebra sector of the Hopf algebra. Seen from a dual space-time point of view [22] this 
corresponds to introducing a ^-multiplication for the algebra of functions on space-time coordinates. Roughly speaking 
any such *-structure corresponds to a different choice of normal ordering for functions of non-commuting coordinates 



^ From the expression of the Lie derivative of a general p-form Cv^F = {5_F){Vs) + 5(-F{Vs)) which for a function (0-form) implies 
CvJ ={Sf){Vs). 
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or to a different choice of basis for the generators of the K-Poincare (Hopf) algebra [Tl|. UnHke the standard Lie- 
algebra symmetry case, in K-Poincare in the bicrossproduct basis, for each mode p the positive and negative roots of 
the deformed mass Casimir C^{p) will not be equal in modulus. Infact there will be two roots^: 

c.±(p) = «log(r!(p)±), (21) 

where Q.± (p) is a function of \p\ and in our specific case reads 

m± = ■ (22) 

Notice how the positive root becomes complex for transplanckian {\p\ > k) modes. In the limit k ~f oo each solution 
approaches the value of the standard roots ±uj = ± |p| . 

We denote with S'^ the spaces of (complex) solutions of the K-Klein-Gordon equation (P(7| . The set of plane waves 
1 0^-1- 1 , with the subscript p± specifying plane waves whose momentum labels are on the positive or negative deformed 
mass-shell, provides a basis for the associated vector space 5^. This can be easily seen [l^ introducing a linear map 

m : 5^ -> 5^ (23) 

which associates every element of 5^ to its "classical" counterpart in . Positive and negative energy solutions are 
related by deformed complex conjugation which on plane waves acts as follows 



(24) 



with k given by = —pe~ and the label —p± is a short hand notation meaning that we are taking the antipode ^ 
of a four-momentum on-shell in the plane wave. 

Both in the standard and in the K-deformed case the spaces of positive and negative energy solutions can be shown 
to be isomorphic to the spaces of functions on the positive and negative mass-shell, respectively, through (non- 
commutative) Fourier transforms (llj . As a vector space, 5^ can be endowed with a symplectic structure if we require 
m to be a Poisson map (see [3). Such symplectic structure defines a bilinear functional ^^('i'l , ^"2) from which one 
can define the inner product^ (<I>i, <i>2)K = —"^iuini^*, ^2) which written explicitly reads 

(<i>i, <f 2)k = J 5{C.{P)) sign(e™ - l) $*i(-p)$2(p) ■ (25) 

in which C„(p) is the deformed mass Casimir of the K-Poincare Hopf algebra. If in equation (j25p above we restrict 
to modes in the range \p\ € [0, k) the factor sign(e~ — 1) can be written in the more familiar form po/|Po| and thus 
we have 

(<fi,*2)« = j ^<5(C.(p))^e^$*i(-p)|.2(p). (26) 
Energy and momentum charges associated with K-deformed translation symmetries for each $ e 5^ will be given by'^ 

Ql = \{<^,P;t><^).. (27) 



III. QUANTUM FIELDS 

Now we move on to the quantization of the linear (non-interacting) field theory described in the previous sections. 
We will first recall some basic facts about canonical quantization in the usual special relativistic framework keeping 
in mind the covariant phase space formalism used above. 



^ Ck{p) = has a countable infinite set of complex roots. As it will become clear from our considerations below, each pair of such complex 
roots will correspond to a copy of the same deformed space of solutions. For our purposes the restriction to a single pair of roots, 
which in the limit k ^ 00 reproduces the standard positive and negative roots, will be enough to construct a model of field theory with 
deformed relativistic symmetries. 

^ Here we drop the superscript ft for the fields, being now obvious that in the following we refer to elements of cS^. 
The definition of the action of translational symmetries on fields > <!? involves a choice of deformed differential calculus. Such choice 
is not unique (see [TtI . |2oI | for examples of Noether analyses with a 5-d differential calculus). There appear to be no obstruction in 
adapting the results presented here to any choice of differential calculus. 
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A. Standard Hilbert space construction 



The "one-particle" Hilbert space of a free quantum (scalar) field theory can be constructed starting from the 
complexified space of classical solutions of the equations of motion [1^ . In order to turn S"^ into a Hilbert space 
one needs to define an inner product. The natural choice would be the conserved product (fTSl) . that preserves the 
Poincare symmetry structure, but it turns out that such product fails to be positive definite on all S"", thus one has 
to restrict to a subspace of on which (fTS]) is positive definite. One possible choice^ is to restrict to the subspace 
spanned by positive frequency solutions which we denote with S^~^ . The Hilbert space completion of 5''+ under ifTSj) 
is the one particle Hilbert space of the theory H. Using Fourier transforms it can be shown that H (and thus S^~^ as 
a vector space) is isomorphic to the Hilbert space of square integrable functions in momentum space on the positive 
mass shell. One also has that is spanned by H and its complex conjugate H and that for S,'^ £ H, & H one has 

(^+,r) = o. 

From TC one can construct the (symmetric) Fock space TsiTi) as follows: denote = 11^=1 ^T^j (with H,^ = C); if 
cr S P„ is a permutation in the permutation group of n-elements and ® ■ ■ ■ ® is a basis of ?i" 

a(e^®---®e)=C(i)®---®C(„) (28) 

one defines 

then the bosonic (symmetric) Fock space is given by 

oo 

•^«(^) =0^n^"- (30) 

We denote a generic element 4' e Tsiji.) as * = (a, oi, a2, . . . ) with a G C, oi e 7Y, 02 e H ®s H etc. Observables are 
self-adjoint operators on !Fs{Ti). For each "positive frequency" solution or "one-particle" state ^ € 7i one defines the 
annihilation operator a(^) : Ts{Ti.) — *■ J^si'H) 

0(04- = (e-ai,N/2^a2,V3^a3,...) (31) 

where ^ € is the complex conjugate vector associated to ^ and ^ • a„ is the "contraction", via inner product, of the 
first element of each tensor product of the symmetrized sum appearing in a„ with ^. The vacuum state | >G Ts is 
defined by 

a(O|0>=0VeeH. (32) 
The creation operator, adjoint to a(^) is defined by 

0^(0^'- (0,^a,V2C®,ai,\/3C<»,a2,...)- (33) 
If {^i} is an orthonormal basis of our (separable) Hilbert space 7i then the quantum field operator can be written as 

* = E(^^ °(^"')+^"' °^(^')) ' (34) 

i 

when such basis elements are (positive energy) plane waves 0i and we are restricting to a box of spatial size L one 
obtains the familiar expression^ 

^ = E('^?«p+<^?4) ' (35) 



The choice of a subspace of 5"' to be used as a Hilbert space is actually not unique. Any subspace satisfying appropriate conditions 
(see e.g. [25II ) would work. Most interesting properties of quantum fields on curved space-time (and for non-inertial observers in flat 
space-time) can be traced back to this observation. 

Prom a rigorous mathematical point of view the "field operator" is an operator valued distribution. In the case of linear scalar field (i.e. 
a non interacting theory) our lack of rigor will be harmless. 
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with = a_p-, as we are dealing with a real scalar field. 

In the next section we will see how the above construction must be modified in the presence of deformations of the 
algebra of relativistic symmetries. To this end it is useful to remind the reader how standard symmetries act on the 
algebra of scalar (quantum) fields equipped with the standard multiplication "•" . As a symmetry of our theory Y ^ V 
will act on the elements of J-giH) as F l> 5" and, formally, on the operators defined on the Fock space through y ► a. 
We would like to establish a relation between these two actions. First let's consider the action of a Poincare group 
transfomation on an element of '5 G TsiTC): 

t/(A,e)(a*) = a(A,,)1'(A,,) (36) 

For an infinitesimal transformation J7(A, e)(a^) ~ 1 — iS'^Yc (with d'^ infinitesimal parameters and Yc G V) one has 
from (IMl) that 

(F ► a)* = {Y \> a^) ~ a{Y O ^) (37) 

which can be rewritten formally as Y a = [Y, a]. One can verify, using the above relation, that the following 
property must hold 

F ► (a o 6) = o[AF ► (a (g) b)] = ^^(^(i) ^ ° (^(2) ^ ^) ■ (38) 

where AY is the trivial co-product of the standard Poincare (Hopf) algebra (see ([T])), o is the composition law for 
operators actiong on J^^(7i) and in the last term we used Sweedler's notation for the co-product. The equation above 
is telling us that there is a non-trivial relation between the co-product and the composition law for operators. In 
particular if the co-product is deformed or "twisted" then one has to modify o to a deformed or "star" product 
The need for a "deformed" composition law for operators is well known for the case of 0-twisted Poincare algebra in 
which only the co-product structure is deformed ^,2Z,28, 29]. As we will see in the next sections something similar 
emerges in the K-Poincare case in which the non-trivial co-algebra structure exhibits deformed (non-cocommutative) 
co-product as well as a deformed action of symmetry generators. 

We can write down the explicit form of the action of the generators of translations and space-time rotations on 
the creation and annihilation operators, ag,at, from their action on one-particle states. The state fl^|0 > is, by 
construction, a positive energy eigenvector of the momentum operators with 

Po O (at|0 >) =t^(fc)(at|0 >), [>(at|0>) = fc,(aj|0>). (39) 

From 

P^ > (4| >) = (P^ ► 4)1 > +4(P^ > I >) (40) 
and the invariance of the vacuum under translations we derive 

Po ► at = cu{k) at, P^^al^ h al . (41) 

For boosts and rotations one has 

Moj ► 4 - iuj{k)dk,ai (42) 
M,, ^4 = i{k,dk,~kidk,)a\ (43) 

(44) 

and analogous expressions, with appropriate sign changes, hold for annihilation operators a^r. 

B. K-one-particle Hilbert space 

In the following sections we propose an extension of the standard Fock space construction described above to the 
case when standard relativistic symmetries described in terms of the Poincare (Lie) algebra are generalized by the 
K-Poincare deformed (Hopf) algebra of symmetries. We assume that the physical Hilbert space of our quantum 
field theory consists of a deformation of the standard bosonic Fock space !Fi^{T-C) whose structure is, at this stage, 
unknown. 

Our strategy will be to start from the space of solutions of the K-Klein-Gordon equation from which, using the inner 
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product l|25|) (and implicitly the map (|23|) ) described in Section II, we will define a K-one-particle Hilbert space. At 
this level the non-trivial Hopf algebra structure of the symmetries will impose a natural truncation to sub-planckian 
modes in the Hilbert space. In the next section we will also show how the deformed co-algebra structure of K-Poincare 
will require a new concept of symmctrization when constructing "n-particle" states leading to a non-trivial structure 
for the Fock space of the theory JF^ (H) . After defining a field operator we will apply our results to the calculation of 
the energy and momentum charges carried by one and two particle states of our theory and study their properties. 

We start with the definition of our "one-particle" Hilbert space. To construct such Hilbert space we consider 
the inner product ((25l) and look for a subspace of the space of complex solutions^ S'^ on which such product is 
positive definite. In order to do so we give a closer look at the properties of our inner product 

(<i>i,<f2)K = J -0^ S{C,{p)) sign(e^ - l) <£*i{~p)^2{p) ■ 

One can easily verify that sign(e"^' — 1), when po is put on-shell, behaves as 

sign(e^ _ l) ^ P|L ^(^ _ IpI) _ ^ ei-K + \p\) (45) 

in which 6 is the Heaviside function. Now consider an orthonormal plane wave basis (j)^ — A e^^^ in which ^ is a 
normalization factor*. Their K-Fourier transform an its complex conjugate are given by 

4>^ip)^Ai2nf6^'\k^p); i4>j:ip)r ^A{2nf6^^Hp~k), (46) 
and0*fc((-)p) = yl(27r)3e-3'^^(l'=l)/''5(3)(p- fc). Plugging these expressions in the formula for the inner product 

(0,,^,0,-J, = i2TTfA^\k,\-hign(^e'^ - ?j S^'\h - (47) 

where kf is now on shell and from which we fix the normalization factor io A — |fc|^/^(27r)^'^/^. As customary, we 
now put our fields "in the box" so that the modes have finite spacing determined by the spatial extent of the box. 
From (|45p one can easily see that for modes on the "positive energy" mass-shell ((^"""(fc)) with |fc| > k the inner product 
is no longer positive definite. Indeed the energies associated with such modes become complex valued! Thus, in order 
to construct our onc-particle Hilbert space, we need to restrict to the subspace S'^-^ C S'^ . the space of "positive 

\k\<K 

energy" solutions whose mode components are truncated at the Planck scale k, on which the inner product is positive 
definite. Our K-one particle Hilbert space will be defined by the completion of S'^^^^^ C 5" in the inner product 



Through the K-complex conjugation map described in Section II. B, whose definition combines standard complex 
conjugation and the antipode transformation, is mapped into 5"", the space of negative solutions, i.e. S'^t^ = 

5"^. Indeed, it can be easily seen that the antipode is a one-to-one and onto map only restricting to positive energy 
modes with |fc| < «^ or, equivalently, restricting to purely real energy modes. 

At this point, even though a general description of the Fock space of the theory JF„(7i) is still lacking, we can 
characterize the creation and annihilation operators relative to a specific basis in terms of their action on the vacuum 
state they single out in J-f^{Ti.). In particular consider the (normalized) plane wave basis of ^p-l^^ C 5" described 

above. We define the annihilation operators bp relative to {<pp} and a vacuum state | > G T^iTi.) such that 

6jr|0 >= (0,0,...) Vp. (48) 

The action of the creation operator fot on the vacuum will be defined by 

6]rlO>= (0,4,0,...). (49) 



In the following we will use 5" instead of to leave room for other indices. 
Without loss of generality we take A to be real. 
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Our state bt\ > will be, according to the well defined action of momenta on plane waves (see [ll|), a positive energy 
eigenvector of the momentum operators with 

Pot>ibi\0>)^Lo+{bl\0>); P,t>ibl\0>)=Mbl\0>). (50) 

in analogy with the standard case, we have 

Po ► hi = L0+ bl ; P, ► bl = bl , (51) 

which again we write in a more compact form as 

P^^bl^p^^bl- (52) 

For the adjoint operators we have, according to the deformed complex conjugation defined in Section TLB 

P^.*^bp={-p1)bp. (53) 

Now that we have a candidate K-one-particle Hilbert space we can start building multi-particle states and their 
associated Fock space. 



C. K-Fock space and n-particle states 

In the case of standard scalar quantum fields, the Fock space J-{Ti.) built from the direct sum of tensor products 
of one-particle Hilbert spaces TC is "too large" and one has to resort to a symmetrization, related the specific type of 
particle statistics, which leads to the bosonic Fock space described in Section III. A. The redundance in using TiTL) 
as the Hilbert space of the theory comes from the fact that if we decide to label the states according to the number 
of particles and the eigenvalues of the four- momentum operator P^, for an n-particle state there will be n! different 
states in J^(Ti.) which have the same momentum eigenvalue. One thus proceeds to symmetrize such states obtaining 
a single element belonging to the "physical" Hilbert space Ts{H)- In the K-deformed case one could try to proceed 
in an analogous way but such naive guess turns out to be inconsistent as the new symmetrized states, like e.g. the 
two-particle state^ (0, 0, l/\/2(0p' (g) -I- c^q- (gi (/)p-, 0, ...), will not be eigenstates of the operator P^, in other words 
the standard "flip" operator T{4)j^ ® cj)^) = (j)^® (pp is no longer "superselected" i.e. does not commute with all the 
observables. To overcome this difficulty, starting from the two-particle case, we will look for states which have the 
same momentum eigenvalues, extract the information regarding the type of non-trivial reshuffling of the momentum 
labels needed to go from one state to the other and then construct a K-bosonic Fock space. 

The two-mode tensor product state <j)p® cj)^ has an associated four-momentum eigenvalue p-\-q due to the non-trivial 
co-product of the P^ 's . We now look for momentum labels afl2 (p) and (7^2 (<z) such that (^o-f^ (q) ^ (jia^^ (p) '^i^l carry 
the same four-momentum eigenvalue p+q. Here (T12 indicates that the new momenta are associated to the only non- 
trivial element of the permutation group (ctq being the identity) but do not correspond to the standard "flip" of 
momentum labels. One can check that 

'^uio) = q = (90; qe-P"/n 

^i2iP)=P - iPo-:Pe'^"^n (54) 

with^° qo — Lo^{q e~"^(P^/'') and po = LL>^{pe^°/^) are such that q+p = p+q. One also easily verifies that such choice 
is unique. 

We can write down the action of two creation operators on the vacuum obtaining a K-symmetrized two-particle state"'^^ 

bl *b\\Q>^{Q,{), I /V2{(pp®4>q + (t>q®(t)ji), {),... ) = b\*bl\{)> . (55) 



In the following we omit the superscript -|- from 0i being at this point obvious that we are considering only "positive energy" plane 
wave solutions. 

Remember that, according to II21II . the time component of the four-momentum on the positive deformed mass-shell is given uj'^{p) = 
-Klog(l - IpI/k) 

From now on, in an effort to keep the notation clear, the different modes will be labeled in terms of the four-momentum p instead of 
the spatial vector p and it will be understood that the fourmomenta are on shell. 
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(pi; P2) 



FIG. 1: Two-particle state with momentum eigenvalue pi+p2 



Notice how we introduced the non-ahelian ★ composition of creation and annihilation operators, which reflects the 
non-cocommutativity of the coproduct, to stress that and acting on the vacuum, will create two different 

states in T^ {'H). The action of an annihilation operator on the state above will be 

bk*bl*bl\0>^ (0, 0, + 0, ...) . (56) 

A pictorial representation of how one gets from p+q to q+p will be helpful in generalizing the construction to n- 
mode states. We consider two modes of a single particle state as an an ordered couple {pi; P2) and associate to 
each element of the couple a node of a graph. Drawing an arrow going from node 1 to node 2 corresponding to the 
ordered couple [pi] P2) will give the two-particle state labeled by the couple [pi, p2 e~Pi/'') with momentum eigenvalue 
P1+P2 (FIG. 1). Analogously drawing an arrow going from 2 to 1 gives the two-particle state (pie~P2/«; with 
momentum eigenvalue P2+P1 (FIG. 2). Notice how summing the elements of the resulting ordered couple in the first 



1 2 
(Pi; P2) 



(Pie 



P2) 



FIG. 2: Two-particle state with momentum eigenvalue P2+P1 



case reproduces the spatial component of the coproduct pi+p2 and in the second case of P2+Pi- 
"Retracting" an arrow going from node 1 to node 2 corresponding to the couple {pr, P2) is the inverse move of the 
one described above and will give (pi; p2 e^i/**). Retracting an arrow extending from 2 to 1 one goes from [pi, P2) to 
(Pief°/-p2) (FIG. 3). 

In general an n-mode state graph will consist of n nodes. Each node will have / arrows ending on it with < / < n — 1 



(pi; P2) 



(pi; P2 e''!'''') 



(pi; P2) 



1 2 

(pi 6^2 /«; P2) 



FIG. 3: "Undoing" two-particle states 



and each value of I will occur only once in the graph. We call I the weight of the node. Each one of the n-mode graphs 
has an associated coproduct that we represent as a set of spatial momenta multiplied by the exponents determined 
by the coproduct. 

Let's see how it is possible to obtain the correct symmetrized tensor product states using the pictorial representation 
just introduced. Consider the simple example of a two- mode state with momentum eigenvalue pi+p2 = {uji {pi) + 
'^^(Pz); Pi +P2 e^^i/"). We can obtain such co-product summing the two entries of (pi; p2 e^^i/'') or {p2 e^^^^"'; pi) 
(attach the first entry to node 1 and the second entry to node 2). "Undoing" the state in both cases gives the two 
components of the simmetryzed two-particle state given in ([54ll (see FIG. 4). 
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• ^ • • 

12 1 



• >- • • • 

12 12 



(^2 6-^?/"; Pi) (p2 e-f?'''=; pie^^/") 

FIG. 4: Obtaining the two states which contribute to the two-particle symmetrized state with momentum eigenvalue pi+p2 



FIG. 5: The 3-particle state with momentum eigenvalue pi+P2+P3- 



This procedure can be easily generalized to any n-mode state: the n! degeneracy of states will be given by attaching 
the n addenda of the co-product to each of the n nodes of the graph (total of n! possible ways) and then retracting 

the arrows in the following sequence: 

1. retract the arrow going from the node with weight and the one with weight 1; 

2. retract the 2 arrows going from the weight nodes and the weight 2 node; 

n — 1. retract the n — 1 arrows going from the weight nodes to the weight n — 1 node. 

Let us watch the above algorithm at work in the example of a 3-modc state. We focus on the symmetrized 3-mode 
state with momentum eigenvalue pi-i-p2+P3 = {^t {pi)+^2 iA)+'-^3 {Ps)'^ Pi +P2 e^Pi/*^ +P3 e^Pi/'^^^'^/^) represented 
by the graph in FIG. 5. We are looking for the 3! tensor product states belonging to Hk, ^ Ti-n ® "Hk. with the same 
momentum eigenvalue pi+P2+P3- These states will be obtained by attaching each one of the elements of the triple 
{Pi,P2 e~P^/'^,pz e-Vil'^-Pil'^^ to the nodes of the graph in FIG. 5 in all the 3! possible ways, which correspond to the 
permutations of the elements of the triple, and then "undoing" the arrows according to the algorithm above. We can 
label each of the 3! addenda of the K-symmetrized state with elements of the permutation group of three elements. 
For example al^, will stand for the element obtained starting from the permutation which exchanges the first and the 
second term in the triple, afjs to the one which exchanges the first and the second terms and then the second and 
the third etc. The triple obtained from the identity element CTq (i.e. pi attached to node 1, p2e~^i/'' attached to 
node 2 etc.) would be (pi,P2,P3) and is the analogous of the first couple appearing on the right-hand side of FIG. 
4. Putting ai = one can write down the whole set of tensor products which summed will give the symmetrized 
3-particle state 

< =(Pl,P2,P3) (57) 
«^23 = (Pi. (1 - a2)P3, (1 - a3(l - a2))"V2) (58) 
£7^2 = ((1 - Q;i)p2, (1 - ^2(1 - ai))- Vi,P3) (59) 

o'm =((1 - ai)P2, (1 - a2(l - a!i))"^(l - ai)(l - Q!2)P3, 

(1 - a2(l - ai))-'(l - ^3(1 - ^2(1 - ai))-^(l - ai)(l - a2))-Vi) (60) 
0'l3 =((1 - - "2)^*3, (1 - "3(1 - Q:i)(1 - Q:2))~^(1 - Q:i)p2, 

(1 - a3(l - ai)(l - a2))-'(l - a2(l - a3((l - ai)(l - a2))-'(l - ai))"Vi) (61) 

0-132 =((1 - "l)(l - "2)^3, (1 - "3(1 - Q!l)(l - a2))"Vl, 

(1 - a3(l - ai)(l - a2))-'(l - ai(l - 03(1 - ai)(l - a2))-')-'(l - ^1)^2) • (62) 
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To clarify the above formulae note that using the same notation the elements of the symmetrized two-mode state 
would have been written as 

<Jo^{pi,P2) (63) 
a^^ = ((1 - ai)p2, (1 - a2(l - aijy'pi) (64) 

The 3-mode state with momentum eigenvalue P1+P2+P3 can finally be written as 

bl * bl * &t J (0, 0, 0, 1/V6 (aj + a^, + + ^^^3 + ^^3 + ^^32) , 0, ...) , (65) 

where each a'^ corresponds to an ordered triple above which in turn corresponds to a tensor product of plane wave 
solutions with given momentum labels (pi,P2,P3) ~^ ® 4>P2 ® 4'pa- Applying an annihilation operator we have 



bp * bl^ * bl^ *bl\0 >=(o, 0, 1/V2 [jp-^p-, {a^ + a^^) + <5p + ^123) + 

+^p.(l-ai)(l-a2)p3 (*13 + ^132) : ■■•) • (66) 



where a'^ stands for one of the addenda in ((65)) with the first factor in the tensor product removed. We have written 
down these states explicitly as we will need such expressions in order to calculate the Noether charges carried by 
multi-particle states in the following section. 

Having a general prescription for the construction of n-particle, K-symmetrized, states from the one-particle Hilbert 
space TCk,, we can define the deformed Fock space of the theory to be 



^.in) = ^s:n:: (67) 



n=0 

where 



= i E (68) 



n'. 

o-GP„ 

and to each permutation cr G P„ is associated a non trivial reshuffling of modes cr'^ 

<7'"{(i)k^ «)•••«) 0fcj = 0<x-(fei) (l>a-{k^) (69) 

according to the rules described above. Now that we have the full Hilbert space of our theory we can write down the 
deformed field operator acting on it 

^ . (70) 

p, Ip1<k 

and the K-deformed counterpart of the reality condition for creation and annihilation operators reads 

bl^b^^ (71) 
according to the notation for the antipode of modes on-shcU introduced in Section II. B. 

D. Energy and momentum of quantum states 

As an application of the formalism introduced we now calculate the energy and momentum charges carried by 
different states of our theory. The Noether charges described in Section II. B 

Q^ = i($,P^>$), (72) 

in the quantum context will become observables, i.e. operators on J-f^iTL) 

Q^.^\{^,P^.t>^)., (73) 
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whose expression depends on the exphcit form of the field operator $ and where [> $ indicates that the generators 
of translations act on the "function" coefficients of $. Using the ortogonality properties 



*p , 0g) = , (0p ,(f>q) = , (0p , (t>q) 



c- Upq 



and also 



{^pbp,^qb,^) = %f bU bq, = - e-3-+(p)/«^p.^. h^^b\ 

we can write an explicit expression for the operators 



i-Pi.)bp*bi 



We start by calculating the energy-momentum charges carried by the one-particle state 

\p>=hl\Q>= (0, ,^p, 0...) . 
Using the the explicit form of the operator given above one has 




(74) 



(75) 



(76) 



(77) 



(78) 



where 



Pt = {^^ip)^P) 
P'i, = {^^{P),-P)- 



(79) 



The last term on the right hand side of ([75)) is the analogous of the standard "vacuum energy" and, due to the 
presence of the cut-off k, turns out to be finite. Once the vacuum contribution has been subtracted the one-particle 
energy momentum reads 



< p\Q^p>^\{pt-Pt.) ■ 

We can write down an explicit form of the one-particle energy and momentum charges 

Q'-t"^ ^ l/2(p+-Po) 

g(i-p) = p. 

It is easily checked that they obey the dispersion relation 

IQI = K tanh ( 



(80) 



(81) 



(82) 



Notice how, as one would expect in the presence of a cut-off, the modulus of spatial momentum charge is bounded by 
K, while the energy charge carried by the state goes to infinity when the modulus of the spatial momentum becomes 
planckian. 

We now calculate the same charges for a two particle state. As showed in the previous section, given two modes with 
momenta labels p and q, we have two 2-particle states labeled by different values of the total fourmomentum: 



bl^bl\{)>=\p+q> bl*bl\Q>=\q+p> 



(83) 



Using the expressions for the action of four creation and annihilation operators acting on vacuum given in the previous 
subsection one obtains 



<P+q\Q^P+q>=Ql'"' 



\ {Pt + 9m ) - ^ {P^ + % ) 



(84) 
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in which 

q- = iu;-{qe-P»/'^), -qe-^i/^) (85) 

and 

(86) 

The conserved charges for the two particle state | p+q > are then 




l(2-p) 



'0 



l/2(p+-p-) + l/2(g+-g-) 



Q?'"^ = Pr + e-Po/-q^ . (87) 

Note how such charges are different from the corresponding ones carried by the state | q+p > . In fact such state has 
an associated energy Qo = l/2((ZfJ^ ^ 9(7) + l/2(Pct ~ Po )' with p ~ (w(pe"^^ l'^),pe~'^° /"), and spatial momentum 
components Qi = qi + e^^o I'^p^. This indicates that the two states \p+q > and \q+p > are truly different physical 
states. 

Using the technology developed so far one could go on and calculate the energy-momentum charges for states with 
an arbitrary number of particles. For our illustrative purposes here we limit to write explicit formulae up to the 
two-particle case. 



IV. COMPARISON WITH PREVIOUS ANALYSES 



Before concluding we review and discuss some recent efforts in constructing quantum fields with K-Poincare sym- 
metries"'^^. 

In [soi l the authors attempt a quantization of a real scalar field on K-Minkowski space-time with symmetries described 
by the K-Poincare algebra in the so-called "symmetric basis". Such basis is related to the standard bicrossproduct 
basis via the mapping Pi PiC^ . The authors write the following Fourier expansion of the field 

m = / d^pA{p,,p)5 (^2^ - M2) : e^P.*- : 

in which M is a mass parameter and represents the mass Casimir of the K-Poincare Hopf-algebra in the specific basis 
considered. The Fourier coefficients of the fields are on-shell according to the roots of the mass Casimir = ±w„(p) 
and they are such that {A{±bj ^{p) , p))^ = A{^u}f^{p),—p) holds. Classical fields are promoted to quantum fields in 
[soj by defining creation and annihilation operators given by 

af,{uj^{p),p) = C{p) A{uj^{p),p) al{uji^{p),p) = C{p} A{-uji^{p), -p) 

where the factors C{p) result from the expansion of the delta function which sets the fields on-shell. 
Moving to the multi-particle sector of the theory the authors adopt a strategy used in various works on field theories 
with 6*- twisted Poincare symmetries [l^, [13, [1^. Namely they look for a composition rule o for annihilation (and 
creation) operators which is consistent with the non-trivial co-product of K-Poincare in the symmetric basis 

A(Po) - Po 1 + 1 A(F,) ^P,^e^ + e"^ «) P^ . 

i.e. such that the action of the generators on the annihilation operators is 

Pp > {Po,p) = a« {Po,p) , Pf^ > ai {Po,P) = -p^ "il {Po,P) 
P^ > {a^ipo,p) oa,{qo,q)) - (A(i)(P^) >a^{po,p)) (A(2)(P^) >a^{qo,q)) . 



For the purpose of clarity, in this Section, we conform to the notation used respectively in each work discussed. 
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The deformed composition rule derived by the authors is 

in which pq — uj^lp), qq — uji^{q). Using this deformed "muhiphcation" of operators the appropriate commutators 
[ , ] o are then written down and the authors observe that they simply reproduce the standard algebra of creation and 
annihilation operators. This conclusion is not surprising since the choice of deformed composition of operators above 
tries to get rid of the non-trivial structure of the co-product. However a major problem arises if one notices that 
creation and annihilation operators, acting according to the deformed composition law given above, do not create or 

destroy particles which are on-shelf^ , in fact = 6*2 (^07 k) = (2Ksinh(|^)) — fc^ is not satisfied, for example, for 

the mode (fco, k) = {pQ, e~'^p) belonging to a 2-particle state. This undesirable feature represents, in our opinion, 
a major flaw of the "quantization" of fields proposed in [30| . 

Two recent works in which quantization of K-fields is discussed, in the context of an analysis of blackbody radiation and 



Unruh effect in K-Minkowski space-time, are [3l| and [3^. There the authors define a real scalar field as the Fourier 
decomposition of plane waves which are taken to be the "time to the left" ordered elements of the non-commutative 
coordinates x, i.e. : e"*^'^ :— e^*^ ^ e'P ''. The basis of the K-Poincare Hopf algebra associated with such a normal 
ordering is related to the standard bicrossproduct basis by the redefinition Pj Pie~ and by setting k ^ ~ k. This 
basis is called by the authors "asymmetric" . In ^3^] the following field expansion is used 

^ e-^P-^fip)S {£{p)) , E{p) + = Ml{p) {l + 

where M'^ijj) is the mass Casimir relative to the specific basis of the K-Poincare algebra considered. The deformed 
action for a scalar field used in [3l| and [13] is 

5= [y{p)Ap\pMp), Ap\p)^£{p)+ie 

where A^^(p) is denoted as "the Feynman propagator", p is the antipode and p —p is called the conjugate 
transformation. 

The authors of [lH and [HI then perform a field quantization promoting the classical function Ap^ {p) to the Feynman 
propagator of the quantum theory in momentum space. Namely, as the authors write, "it is technically safe to assume" 
that 

on — shell 

The expansion of the quantum field is obtained imposing consistency with the latter relation. The authors then find 
an algebra of creation and annihilation operators that differs from the standard one by a multiplicative factor E{q), 
i.e. 

[a(p),at(q)] = 2E{p) {27Tf S^p - q) , [b{p),b\q)] = 2E{p) {27Tf S^p - q) . 

The authors repeat their analysis for the same basis of generators of K-Poincare considered in (soj . The difference now 
emerges at the level of the coproduct for the translation generators and at the level of the mass Casimir. The algebra 
of creation and annihilation operators obtained in this case [3^] differs from the one relative to the "asymmetric" 
basis by the replacement E{p) D{p). The possibility of re-absorbing both factors E{p) and D{p) by a suitable 
renormalization of the creation and annihilation operators is not discussed. 

The authors of [sij and [32l] essentially follow the quantization procedure, first proposed in [33], which relies upon 
the assumption that the function Aj}{p) can be promoted to the Feynman propagator of the quantum theory. The 
inconsistencies of such approach, which are particularly severe in the multi-particle sector, were already pointed out 
by the same authors of [33|]. It is not clear to us how such problems can be resolved in the case of j31j and [3^ . 
Moreover the analyses reported in [3l| and [12] lack an explicit construction of the Hilbert space of the theory where, 
as we showed in the present work, the non-trivial co-algebra sector of the K-Poincare Hopf-algebra plays a crucial role. 



On the other hand it easily checked that such basic requirement is verified in the type of K-symmetrization we propose in Section III.C. 
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V. CONCLUSIONS 



We have constructed the Fock space for a free massless scalar field in the presence of deformed symmetries described 
by the K-Poincare Hopf algebra. On such space we have defined the basic observable of the theory, the field operator, 
and calculated the energy-momentum charges carried by one and two-particle states 

The two main features of the space of quantum states we presented are the existence of planckian cut-off for the field 
modes in the one-particle sector and the need of a non-trivial bosonization in the construction of the Fock space of 
the theory. Moreover the "vacuum energy" , which in usual quantum field theory is a divergent quantity, due to the 
presence of the cut-off k is now finite and, in our particular framework, energy and momentum charges of a single 
particle state obey a deformed dispersion relation. 

To our knowledge this is the first time that a Hilbert space for quantum fields enjoying K-Poincare symmetries has 
been constructed and, remarkably, it provides an example of a quantum field theory in which an ultraviolet cut-off 
pacifically coexists with its relativistic symmetries. The non-trivial behavior of the theory in the multi-particle sector 
is not surprising since, for example, it is well known that in the case of 0-Poincare Hop f algebra symmetries the 
usual flip operator must be "twisted" thus leading to a deformed particle statistics [1^ [23, HH . However the type of 
non-trivial bosonization we found, characterized by an "entanglement" of multiparticle modes, radically differs from 
the more popular framework of "twisted" statistics and it is a challenge for future studies to investigate the physical 
consequences of such peculiar behavior. Finally it is important to notice the emphasis of our approach to quantization 
on the definition of an inner product, creation and annihilation operators and field modes. This emphasis makes the 
framework developed in the present paper tailored for generalizations to different choices of "time translation" Killing 
vectors, which define "positive energy" modes for the field, and thus for the study of Unruh-like phenomena in a 
At-deformed setting. Such analysis will be the subject of a forthcoming work. 
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